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Question 1.

(a). Describe the Gaussian Elimination algorithm with partial pivoting and explain what
happens when a non-zero pivot cannot be found at stage k.

Solution 1. (a).

See Notes Chapter 5.
(b). Find the factors L, U, and P for the matrix A below

1 0 0 1

-1 1 0 1

A= -1 -1 0 1
-1 -1 -1 1 1

-1 -1 -1 -1 1

Generalize your result for any n x n matrix of this form. Does this result indicate a potential
difficulty in solving Az =b?

Solution 2. (b)

The Gaussian elimination operations for each k = 1,2,...,n — 1 are : add row k to rows
k+ 1,k + 2,...,n. This means that all the multipliers m;; are 1 and so all the elements
beneath the diagonal of L are —1. No pivoting is needed. Hence P = I.

1 0 0 O 100 0 1
-1 0 O 0100 2
L=1| -1 -1 o of, ut={o0oo010 4|, P=1I
-1 -1 -1 1 0 0001 8
-1 -1 -1 -1 1 0 0 0 0 16

Generalizing to an n x n matrix, L and P are the same and the last column of U has the
general element u;, = 2071, i =1,2,...,n.

(c). Gaussian Elimination with complete pivoting interchanges both rows and columns of A
at each pivot step. This gives the factorization PAQ = LU, where P and () are permutation
matrices, L is unit lower triangular, and U is upper triangular. Write an algorithm to solve
Az = b using this factorization.

Solution 1 (c).
Given the factorization A — L,U, P,Q we get PAQQ 'z = Pb. Letting 2’ = Q' and
b = Pbwehave PAQxz' =V, or LUz’ = U'. The steps in solving Az = b are now



1. Calculate v = Pb

2. Solve Ly = ¥/, using Forward Substitution, giving y = L~1%' = L~ Pb.

3. Solve Uz’ = y, using Back Substitution, giving 2’ = U~y = U"'L~1Pb.

4. Calculate z = Q' = QU 'L~ Pb. Not needed with partial pivoting, where Q = I.

Question 2.

(a). Using Newton’s method for zero-finding, derive the iteration formula zy; := T'(x}) for
calculating 1/a. Over what range of starting values x( does the reciprocal sequence converge
tol/a?

Solution 2 (a).
We may define the reciprocal of some number a > 0 as a zero of the function f(z) =
1/x — a. Using this function in Newton’s method

f(zy)

TR i)

1)

gives
(1/z) — a)

2
Tpal = Tk — = xp + () — axy)
(—1/a3)

Thus we get the Newton iteration function for reciprocals :

wpp1 = 2 (2 —axy) £ T(wy). )

Notice that this iteration function uses multiplication and subtraction only.

The first way to determine the domain of convergence uses a corollary to Banach’s fixed
point theorem : the mapping 7' : R! — R!, is a contraction if |7"(z)| < 1 on some ball B.
This means

T (z)] = [2—2az| <1

= |1 ]<1
axr B

1 1
= 3 <l—-ax < 3
Thus the method will converge for any x( in the range 1/2a < zp < 3/2a. This is a sufficient
but not necessary condition, as can be seen in Figure 1 : the lower bound 1/2a < z can be
loosened to 0 < z. The upper bound can be loosened to < 2/a , where the tangent to
f(z) =1/x — a at z = 2/a passes through the origin.

(b). Given a = 5 and starting at 29 = 1/10 show how the iteration formula above converges
to 0.2 = 1/5 by calculating the first four steps, z1, x2, z3, 4.

Ilustrate your calculation steps by drawing the function f(z) = 1/ — a and the five ap-
proximations steps xg, 1, . .., Z4.



Solution 2 (b).

k Tk Tpr1 = xp* (2 — D rxp)
0 0.1 0.15
1 0.15 0.1875
2 0.1875 0.19921875
3 0.19921875 0.199996948242188
4 || 0.199996948242188 0.199999999953434
5 || 0.199999999953434 0.2
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Figure 1: Reciprocal

(c). Let e,, = |z, — 1/a| be the error at the nth iteration formula derived in (a) above. Derive
an expression for e,, as a function of e,,_ 1, the error at the previous step. Hence show that this
iteration formula has second order convergence. Starting with an error ey = |z — 1/a| = 271,
how many iterations are required to get x,, to full IEEE double precision.

Solution 2 (¢).
Let ey = |zx — 1/a|/1/a = 1 — axy, be the relative error at the kth iteration of xjq :=
zr(2 — azy). Then we have

ep=1—axy = 1—axp_1(2—axp_1)
= 1-2zp1+ am%_l

= (1-azp1)’ =ci ®)



This result, ¢, = eifl, shows immediately that the sequence has 2nd-order convergence,
which we normally expect of Newton’s method. Using successive substitution we get

2 2 \2 22 22 2
er = €g1 = (€ 2)” =€t o= (e 3)
= eiig == e%k, and we get
e = egk =(1- axo)zk. 4)

A necessary and sufficient condition for the sequence {ey } to converge is |azg — 1| < 1. This
condition gives |azg — 1| < 1= —1<azg—1<1= 0<azg < 2, and we get the domain
of convergence

2
0<zo < — (5)
a

We note that this condition is less stringent than (2). Indeed, this interval is twice the width
of the interval in (2).
The number of iterations to full IEEE double precision is as follows :

Using equation (4) with eg = 27! we get e, = 2" = (271)2" = 272", We have full precision
when ¢, = 2753, Solving ¢}, = 2753 = 22" for k gives k = [log, 53] = 6 iterations

Question 3.

(a). Describe what is meant by a floating point number system F (b, p, €min, €maz ). Show that
every number z € F is rational, i.e., z = +, and show how to determine the integers u and v
for any z in floating point format.

Solution 3 (a).
A floating point number z is represented as

r==2.5xb° = L. (s182---8p) xb°, s;€{0,1,...,b—1}
. S1 S9 Sp—1 Sp
= (Gt <
(&

-1 ) 1

= i(Slbp + 59077755 1b +Sp)><b—p
be n U

= MX —=m—,=—.
bp v v

where m, n, u, and v are integers. Thus, all floating point numbers are rational.

Given that we know b and p and can extract s and e from z, then u = s x b x b = s x b*P
and v = bP. MarLAB uses IEEE double precision which means b = 2 and p = 53. The MATLAB
function log2(x), used as [s,e] = log2(x), gives s and e.

(b). Characterize the floating point numbers = € F that cause z? to either underflow or
overflow. What percentage of the numbers x € [ cause this problem?



Solution 3 (b).

The minimum and maximum normalized floating point numbers are approximately x,,,;, =
bemin and Tpq, = b°mew. The floating point number fl(z%) underflows when z? < bmin or
when z < b¢min/2, Likewise, fl(x?) overflows when z2 > b°mar or when z > b¢maz/2, The
exponents of a floating point system are the integers

Emins €min + 17 ey _1707 17 <oy Cmaz — 17 €max-

The number fI(z?) neither underflows nor overflows when the exponent of z is in the inte-

ger range
Emin €Emin Cmaz 1 Emazx
b

—+1,...,-1,0,1,...
2’2+’ ) P 72 2

Hence, approximately 50% of the numbers = € F will cause fI(x?) to underflow or overflow.

(c). One side of the identity below is prone to catastrophic cancellation when z >> 1.

1 1 1

t—1 z a(xz—1)

Explain with a numerical example in IEEE double precision.

Solution 3 (c).
For some = = 2¢ we will have fi(z — 1) = fl(2° — 1) = 2¢ and so

1 1y 11 1 1
fl(x—1_5>_§ QC_O#ﬂ<x(m—1))_2€2€_2 '

Notice that on both sides fi(x — 1) = x but the effect of this rounding is different. In IEEE
double precision with machine epsilon ¢, = 27°? we get fl(z — 1) = x when the spacing
between z and next lower floating point number is greater than 1, i.e., when 27932 > 1 or
when z > 2%3. The table below was generated in MaTLAB using the Num2Bin(x) function.

1 1 1
——=0#—-=2"1% atg=2%
T

x = 2% T +.10000000000000000000000000000000000000000000000000000 * 2753
r—1 +.11111111111111111111111111111111111111111111111111110 % 2+52
1/(z —1) —1/z | +.10000000000000000000000000000000000000000000000000000 * 2103
1/z(z—1) +.10000000000000000000000000000000000000000000000000001 * 27193
x =253 x +.10000000000000000000000000000000000000000000000000000 * 254
r—1 +.11111111111111111111111111121111111121111111111111111 % 2753
1/(z — 1) —1/z | +.10000000000000000000000000000000000000000000000000000 2104
1/z(z—1) +.10000000000000000000000000000000000000000000000000001 * 2719
x =25 T +.10000000000000000000000000000000000000000000000000000 * 2F5°
z—1 +.10000000000000000000000000000000000000000000000000000 * 2+55
1/(z — 1) —1/z | +.00000000000000000000000000000000000000000000000000000 * 2+°
1/z(x —1) +.10000000000000000000000000000000000000000000000000000 * 2107




Question 4.

(a). Describe how you would use Monte Carlo sampling to find the area of an n—polygon
in two dimensions defined by the points P = (p1,p2,...,pn). You have the computational
geometry predicate function InPoly(P). Write a MaTLAB function to do this calculation, being
careful to describe how the polygon is represented in MATLAB .

Solution 4 (a).

In MarLaB we will define a point as the vector p = [x y], e.g, p = [5.3 3.4] and a polygon as
an n X 2 matrix poly = [x1 y1; x2 y2; ... ; xn yn|, e.g, poly = [2 3; 3 6; 4 6; 38; 37; 25]. Assuch,
this is just a set of points. If we connect each adjacent pair of points by a line segment then
we get an open polygon. To close the polygon we must add an extra point p,+1 = p;. Thus
we get the closed polygon poly = [2 3; 36; 4 6; 38; 37; 25; 2 3]. Here is the MaTLAB function
for the area of a polygon. This was part of Assignment 2.

%
function area = HMPoly(polyg,nsamp)
Ofmmmmmmmmm el
% Estimate the area of a polygon Polyg = (pl,p2,...,pn)
% using the Hit-or-Miss Monte Carlo method.
% This generates sample points in the bounding box of Polyg.
% Derek O’Connor, UCD, Oct 2005
%
[xmin,ymin,xmax,ymax] = BoundingBox(polyg);
hits = 0;
for k = 1 : nsamp
Xmin + (xmax-xmin)  *rand;
ymin + (ymax-ymin)  *rand,;
[x yl;
if InPoly(polyg,p)
hits = hits + 1,

X
y
P

end,
end,;
area = (xmax-xmin) *(ymax-ymin) = (hits/nsamp);
p-mmmmmmmmmmeeeen end HMPoly(polyg,nsamp) -----------  -emeemeee-

(b). Modify the MarLaB function above to calculate the area enclosed by the intersection of
two polygons P; and P;.

Solution 4 (b).

This is done by two simple modifications of the MarLaB function above. First we calculate

the bounding box that contains both polygons. We then sample from this bounding box and
if a point p falls within both P; and P; then it lies in the intersection of the two polygons,
and counts as a hit. The modified function is shown below.
A little more thought reveals that the bounding box of either polygon must contain their
intersection so that it is sufficient to calculate either box and sample from it. This will con-
centrate the sample points and so the estimate of the area of the intersection will be more
accurate.



We could refine this by calculating both bounding boxes and then sampling from the smaller.

%
function area = HMPolyInt(poly,1,poly2,nsamp)
oo ——
% Estimate the area of the intersection of two polygons
% using the Hit-or-Miss Monte Carlo method.
% This generates sample points in the bounding box of the two.
% Derek O’Connor, UCD, Jan 2006
%
[xmin,ymin,xmax,ymax] = BoundingBox(poly1,poly?2);
hits = 0;
for k = 1 : nsamp
Xmin + (xmax-xmin)  *rand;
ymin + (ymax-ymin)  *rand;
[x yl;
if InPoly(polyl,p) & InPoly(poly2,p)
hits = hits + 1;

X
y
P

end,;
end;
area = (xmax-xmin)  *(ymax-ymin) = (hits/nsamp);
Yo--mnmnmmnm end HMPolyInt(polyl,poly2,nsamp) -------  -memmeeee

The ultimate refinement is this : sample from the intersection of the two bounding boxes.
This is relatively easy to calculate and would save time if the intersection is empty.

(c). You have the MarLas function RanBit which returns 1 with probability 3 and 0 with
probability 1. Using this function only, write a function Roll that returns one of the set
{1,2,3,4,5,6}, each with probability %. Analyse your Roll function and find the average
number of calls to RanBit it makes. Can you speed this up ?

Solution 4 (c).
Using RanBit three times in succession, we get one of eight possible bit strings
{(000), (001),...,(110), (111)} each with probability 2% = %. We interpret this set of bit

strings as the integer set {0,1,...,7}. If we get 0 or 7 then we reject these and start over
again. Thus we get one of the set {1, 2, 3,4, 5,6} with equal probability = 1/8. This is shown
in Figure 4

The recursive MaTLAB function is as follows :

% ===
function face = Roll;

% _—

Flipping a coin to generate the six faces of a die.

% RanBit returns 1 with prob. p and 0 with prob. 1-p

% Derek O’Connor, UCD, Jan 2006

test = RanBit *2°0;

X

X

test = test + RanBit *271;
test = test + RanBit *2°2;
if test == 0 | test ==

test = Roll;
end;
face = test;

The analysis of Roll is fairly simple : The first 3 statements test = etc. make 3 calls to
RanBit . This produces an integer in {0,1,...,7} each with probability 1/8. Two out of

8



these 8 integers are rejected and Roll is called (recursively) again. The probability of calling
Roll again is 2/8. Thus the number of calls to RanBit is a random number. Let B stand
for the average number of calls to RanBit . Then the average number of calls is

2
B:3—|—§B, or B=4. (6)

Although 3 calls to RanBit give us more numbers than we need, we have to make 4 calls to
it on average.

Reject

Start

Figure 2: Rolling a Die using Random Bits

Can we speed up this function? Yes, by noticing that we do not need to repeat all 3 test =
etc. statements. The bit strings (000) and (111) are equally probable and may be regarded
as 0 and 1 outcomes of the first call to RanBit and so we need only two more calls to
RanBit. This shortcut is shown as a dotted line in Figure 4.

Equation (6) now becomes

2 2
B=3+ §B/’ and B =2+ §B’. (7)

The second equation gives B’ = 3§, and this gives B = 33.



[NOTE 1] Although the first statements of Roll produce an integer in {0, 1, ..., 7} each with
probability 1/8, the function produces an integer in {1, ..., 6} each with probability 1/6.

[NOTE 2] It may seem that we need probabilities and averages in our analysis because we
are using a random bit generator. This is not true, necessarily. Indeed, the analysis of most
algorithms that contain an if-test requires probability statements.

% ===
function face = RolISC;

% —_—
% Flipping a coin to generate the six faces of a die.
% RanBit returns 1 with prob. p and 0 with prob. 1-p
% Uses the shortcut described above.
% Derek O’Connor, UCD, Jan 2006

test = RanBit *270;

test = test + RanBit *271;

test = test + RanBit *2°2;

if test == 0 | test == 7

test = RollP(test);

X

X

end;
face = test;
% ===
function face = RollP(test);
% —_—
test = test + RanBit *271;
test = test + RanBit *2°2;
if test == 0 | test == 7
test = RollP(test);

end;
face = test;

Question 5.

(a). Define what is meant by forward and backward error in numerically calculating a function
f(z) with an algorithm A(x).

Solution 5 (a).

See Notes Chapter 2.

(b). Define the condition of a problem and show how it is related to the forward and back-
ward error in (a) above. What is the condition of the problem f(z) = \/z. Illustrate your
answer by calculating this function for two nearby values of z.

Solution 5 (b).

See Notes Chapter 2.

(c). What is the condition [number] of the linear equations problem Az = b? Show why the
residual r = b — Az is not a good measure of the error in the solution e = & — =.

10



Solution 5 (c).

See Notes Chapter 5.

Question 6.

(a). Describe two methods of transforming the matrix-vector equation Az = b into the fixed-
point form x = C'z + d. Apply Banach’s Fixed Point theorem to find sufficient conditions for
the convergence of

#*H = CzF 4 d, where ,d € R" and C' € R™*"

Solution 6 (a).

See Notes Chapter 5.

(b). Describe the Jacobi Method and use it for 4 iterations to solve Az = b, where

20 1 1 22
A= 1 10 1 |, b=] 12
1 1 10 12

Solution 6 (b).
(c). Describe the Iterative Refinement method and show how it is related to the Jacobi
method by comparing their residuals at each step.

Solution 6 (c).

See Notes Chapter 5.

Question 7.

(a). All iterative methods generate a sequence of vectors {z;+1 = T'(x)} which must be
stopped after a certain number of iterations. Generally we use a Cauchy-like test for conver-
gence because the limit of the sequence is not known. One such test is

[2k41 — x|l < € + €mllzkll,
where e, is set by the user and ¢, is machine epsilon. Show why this test works for all values

of e;, and why the simplified test || zj+1 — 2| < e, can fail to stop the iterations.

11



Solution 7 (a).

See Notes Chapter 4.

(b). Setting e, = 0 gives ||xg+1—2k|| < €ml|/zk]|, which stops the iterations when full precision
is reached. Explain why this test is not adequate when z;, close to or equal to 0.

Solution 7 (b).

See Notes Chapter 4.

(c). Explain why the sequence {H,, = > ;_, 1/k} converges to a limit H; in finite precision
arithmetic. Write a MaTLAB function to calculate this limit, with an appropriate test for
convergence.

Solution 7 (c).

See Notes Assignment ?.
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