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Abstract
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2 ASSUMPTIONS, DEFINITIONS, AND NOTATION.

1 INTRODUCTION

The computation of the completion time distribution of acki@sticrerr network — the Stochastic
pPERT Problem — is a difficult, essentially intractable, probleldagstrom [Hag 88] has shown that this
problem is in the class afP-Completeproblems ( see [G&J 78] ) which means that it is equivalent to a
counting problem and that exact solutions can be obtaingdbgrexhaustive enumeration. Hence exact
solutions can be obtained for small or special networks.only

Sincerert and CPM networks were introduced in the 1950s many methadsofaputing their com-
pletion time distributions have been devised. These mayldssitied as approximate, bounding, or
exact. The methods of Martin [Mar 65], and Charnes, Coopdridrompson [CCT 64] are exact and
were applied to small, special networks. The methods ofridieifer [Kle 71], Shogan [Sho 77], Dodin
[Dod 85], and Robillard and Trahan [R&T 77] are bounding noely each giving bounds on the exact
distribution. The first three of these bounding methods Hmeen applied to large, complex networks
with varying degrees of success. The simulation methodsnfSlyke [Van 63] and Hartley & Wortham
[H&W 66] are approximate. The accuracy of the approximatidepend on the sample sizes, and for
large networks computation costs can be prohibitive if lagburacy is required. The conditional Monte
Carlo methods of Burt and Garman [B&G 71] & [Gar 72], and Sigahl. [SPS 79] & [SPS 80] are
approximate. These methods are, in general, superior tolesifanconditional) Monte Carlo because
they have smaller sampling variances.

The new algorithm to be described here can be used to cadcelact or approximate distributions,
depending on the amount of computation time one is willinggend. It is somewhat similar to the
methods of Garman [Gar 72] and Sigalal. [SPS 79], in that certain activities of the network are
singled out for special attention.

An outline of the paper is as follows:

Section Icontains the definitions and assumptions used througheypdaher. The standard algorithm
for deterministiceert networks is defined. This is used as the basis of discussi&edtions 2 and 3.
Section Aiscusses the cause of the difficulty in solving stochasticr networks. The special activities
that cause this difficulty are defined and this definition isdum a theorem which is the basis of the
new algorithm. InSection 3he new algorithm is defined and a small, hand-calculatechplais given.
Section 4shows how the exact algorithm of Section 3 can be used as aeMoatio approximation
algorithm. The approximation algorithms published to date discussed and compared with the exact
algorithm. An analysis and summary of the time complexitéthese algorithms is givenSection 5
discusses the implementation and testing of the new dtgoriTests on 4 networks ranging in size from
10 to 40 activities are reported and some conclusions avendra

2 ASSUMPTIONS, DEFINITIONS, AND NOTATION.

A PERT Networkis a directed acyclic graph = (N,A), whereN is a set olnodesandA is a set ofarcs

Let the nodes be labelldd= 1,2,...,n, wheren = |N|. Let (i, j) denote the arc directed from nodt®
nodej. LetPred(i) denote the set ainmediate predecessoo$ nodei, i.e., Pred(i) = {j|(]j,i) € A}.

Let Sucgi) denote the set ammediate successoo$ nodei, i.e., Succi) = {j|(i, j) € A}. Nodej is a
predecessor (successof)nodei if there exists a directed path frojrtoi (i to j). Assume that there is
one node with no predecessors and call thisstwrcenode. Likewise, assume that there is one node
with no successors and call this thimk node. Assume that the nodes are topologically labelleds Thi
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2 ASSUMPTIONS, DEFINITIONS, AND NOTATION.

means that the source is labelled 1, the sink labedlexhd for every ar¢i, j) in the networkj < j.

Adopting the “activity-on-the-node" convention, let nddef the network represent th#@ activity of the
project, and let ar¢i, j) represent the precedence relation “activitpust be completed before activity

j can start". The activity-on-the-node convention is usezhbse it simplifies the subsequent discussion
and derivations.

For each node=1,2,...,ndefine the following non-negative discrete random varigble
1. X; = Start Time of Activityi, taking on all values; in the rangex;, x'],
2. Al = Activity Time (Duration) of Activity i, taking on all values; in the rangda;, a’],
3. Yi = Finish Time of Activityi, taking on all valuey; in the rangdy;, y/'].
4. Y, is called thecompletion timeof the project.

Assume the activity time§A } are independent.
Because the network is topologically labelled, the progeatts at timeX; and is completed at tim4,.

Definition 1. (Stochastic PERT Problem) : Given a PERT network @ictivities and the distributions
of the independent random activity timas, A, ..., A, find the completion tima},, and its distribution
function P(Y, <t).

2.1 Calculating the Completion TimeY,

The completion time of the project;,, can be calculated as follows, assuming that the projedssia
time 0 and no activity can start until all its immediate pregisors have been completed :

X1 = 0, Y1=A, (1)
Xi = maxY;}, jePredi), i=23,...,n 2
i
Yi = X|+A|7 i:2737"'7n (3)
and Y, = Project Completion Time. 4)

The set of values for each random variable are easily cadmlilzecause the random variables take on all
values in their range. Hence, for any random variable all eedrto calculate are the lower and upper
values in the range, as shown below :

X = mjax{)/j}, X' = mjax{)/j’}, j € Pred(i), (5)
Yi=X+a, y=x+a, (6)

2.2 Calculating the Completion Time Distribution F (Yy;t)

We now define the distribution functions of the random vdédalx;,A;,andY;, using the following nota-
tion to avoid multi-level subscripting :

For each nodelet

FOXG;t) =Pr(X <t), F(Yi;t)=Pr(Y <t), f(A;t)=Pr(A=t), FA;t)=PrA<t). (7)
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2 ASSUMPTIONS, DEFINITIONS, AND NOTATION.

The distribution functions for the random variables defime(l), (2), and @) are calculated as follows :

FXut) =1, F(Wit)=F(Ait), forall t>0. (8)
for i1=23,...,n
FOGH =Pr[ max {vi}<t]=Pr[ [ {Yj<t}], x<t<x ©)
IePred() jePred(i)
o
FOGD =PriXi+A<tj= 3% Prl(%<t—a)and(A=a)], Y <t<y (10)
ai=g

Let us simplify expressions irf] and (L0) by assuming, without loss of generality, that nadeas 2
immediate predecessors, nodand nodek. The expressions for nodere now :

F(Xi;t) = Pimax(Yj, Y} <t] =Pr(Y; <t)and(Yk <t)], X <t<x" (11)
Now, by definition,X; andA; are independent. Hence, fromdj we have,

/)

&
F(Yit)= 5 PiX <t—a]xPiA =3
a=4

o
> FXt—a) f(Aza), yi<t<y'. (12

] =
a=3

2.3 The Main Difficulty

It is obvious that {2) can be calculated easily oncelf has been calculated. UnfortunatefyX;;t) in
(11) cannot be calculated easily because, in gen¥fandYy are dependent random variables. To see
how this dependence occurs, consider the small networkrsimo®igurel.

Figure 1: Dependence in a Small Network.

The finish times of activities 2 and 3 arg = A; + Ay andYs = A; + Az. The start time of activity 4 is
Xs = max{Y2,Y3}. Y, andYs are not independent becausgis common to both. Hence, to calculate the
distribution of X4 we would need to calculate the joint probability mass florctPY, = a3 + ap, Y3 =

a1 + ag] for all possible triplega;,az,az). This is not practicable, even for small networks.

Thus we see that the central difficulty in the Stochastic PBRIblem is the calculation &f(X;;t), the
start time distribution of each activity (the reason fomgsihe “activity-on-node” convention is to isolate
this calculation).F (X;;t) is the distribution of the maximum of a set of dependent ramdtariables and
its calculation is a special case of the difficult problem wdleating a multiple sum or integral over a
complicated domain.
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3 CONDITIONING SETS AND ELIMINATING DEPENDENCE.

The calculation of (X;;t) can be avoided if we are willing to settle for a bound or an apipnation of
F(X;t) and hencd-(Y,;t). The methods used for calculating approximations and t®uad be broadly
classified as follows :

1. Conditioning— on a certain set of activity times to eliminate dependenesvéen the finish
times {f’s) of the immediate predecessors of any activity. Findifgn;t) by calculating the
probabilities of all possiblen-tuples (as,ay,...,a,) of the activity times is an extreme case of
conditioning. Usually, conditioning is done randomly by Me Carlo sampling and this gives a
statistical approximation t&(Ys;t). The methods of [Van 63], [H&W 66], [B&G 71], [Gar 72],
and [SPP 79] fall into this class.

2. Probability Inequalities— F(X;;t) is replaced by a lower or upper bound which is easier to cal-
culate ( the trivial bounds 0 and 1 require no calculation he Tethods of [Dod 85], [Kle 71],
[R&T 77], and [Sho 77] are examples in this class.

3 CONDITIONING SETS AND ELIMINATING DEPENDENCE.

We have seen that for each nodi the network we must calculate(X;;t) and F(Y;t), defined in
(11) and (2). The calculation of 12) is the distribution operation afonvolutionand corresponds to
the addition of the two independent random variableand A;. Becausé is independent oK, the
calculation is simple. The calculation ofY) is the distribution operation which corresponds to the
maximumof the two random variableg andYy. Becausérj andY, arenotindependent, the calculation
of (11) is difficult.

The calculation of 1) would be simple ifY; andYy were independent. We would then have

F(X;t) = PrimaxY;,Yd <t
= Pr[(Yj<t)and(Yc <t)]
= PF[YJ' gt]xPr[Ykgt]
= F(Yj;t) xF(Ygt), X <t<Xx. (13)

The calculation of 13) is the distribution operation ahultiplicationand corresponds to the maximum
of two independentandom variables. To summarize :

RANDOM VARIABLE OPERATOR CORRESPONDING DISTRIBUTION OPERATOR
Addition : Y, = X; + A Convolution :F(Y;t) = Z:=aq FOX;t—a) f(Aa), Y <t<y/’
Maximum : X = max{Y;j, Y} Multiplication : F(X;;t) = F(Yj;t) x F(Yigt), X <t<x

We now develop a method of conditioning on a suli3edf activities that eliminates the dependence
between the&r's of the immediate predecessors of any node. This will allswolcalculate a conditional
completion time distribution foY},, using the simple distribution operatods3| and (L2). If we calculate

a conditional completion time distribution for each possibealization of the set of random activity
times ofC, we can find the unconditional completion time distributie(i,;t) using the ‘law of total
probability’.
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3 CONDITIONING SETS AND ELIMINATING DEPENDENCE.

Definition 2. (Conditioning Set) : A conditioning set of a stochastic PERTwork is a subset of the
nodesN such that when the random activity times®ére replaced by constants, the finish times of the
immediate predecessors of any nod&iare independent.

This definition does not define a unique conditioning set, askow below. Also, the definition is not
constructive because it gives no method for finding such aetubxcept by trial and error. It is obvious
however, thalN is a conditioning set of itself. In fact, using this conditiog set gives the following
crude method of calculating the completion time distribotiF (Yy;t).

3.1 Complete Enumeration

Given a stochastic PERT network withactivities, each of which can take on onevadifferent values
with known probabilities : (i) Generate all possilmi@uples of activity-time values and calculate the cor-
responding probability of eaatrtuple, and (ii) for eacim-tuple find the completion time of the network
using equationsl), (2), and @). The completion times and their probabilities are summ&dguthe
law of ‘total probability’ to obtain the completion time dibution. Complete enumeration requires an
amount of computation that §(n®v") and it is obvious that this method is impracticable even foals
networks.

If the size of the conditioning set can be reduced froram < n, then we may substantially reduce the
amount of computation required for complete enumeratidms i€ the motivation behind thenique arc
method of Burt and Garman [B&G 71], [Gar 72], and tineiformly directed cutsanethod of Sigalet

al. [SPP 79], [SPP 80]. These methods identify conditioning sdtose sizen is less tham. We now
propose a very simple method for identifying a conditionseg in any PERT network.

3.2 Conditioning Sets and C-Nodes

We wish to identify nodes whose random activity times, wheplaced by constants, give a network in
which the finish times of the immediate predecessors of adg ape statistically independent.

Figure 2: A Simple Network with One Conditioning Activity

Consider the network shown in Figu2e There are three paths through this network. The lengthiseof t
paths are the random variables

Ll = A1+A2+A5+A77
Lo = Ait+A+As+As+Ar,
Lz = Ai+Az+As+ Ay
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3 CONDITIONING SETS AND ELIMINATING DEPENDENCE.

The completion time of the network is the random variable

Y7 =max{Li,L2,L3} = max{(A1+Ax+As+ A7), (Ar+A2+As+As+ A7), (Ar+As+As+A7)} (i)

The random variablek;, L,, L3 are dependent becausg, Ax, As, andA; are common to one or more
pairs ofLs. To eliminate statistical dependence in (i) we would neeszbhdition onA;, Az, Ag, andA;.
Thus, activities 1, 2, 6, and 7 acenditioning activitiesandC = {1,2,6,7} is a conditioning set.

We can reduce the size of the conditioning set by rearran@irag follows:

Y7 =max{(Az+As), (A2 +As+As), (As +As) } + AL+ Ar. (i)

We note that this rearrangement is always possible for arlyTRietwork because the source and sink
activities are common to all paths through the network.

We eliminate dependence in (ii) by conditioning AnandAs. Thus, activities 2 and 6 are conditioning
activities andC = {2,6} is a conditioning set.

This conditioning set is half the size of (i). We can reduaedize of this conditioning set by rearranging
(ii) as follows :
Y7 = max{ (Az + A5)7 max{(Az —I—A4),A3} —I—Ae} + A+ Ag. (III)

The conditioning set for (jii) i€ = {2} because if we sek; = a,, a constant, we get
Y7 = max{ (a2 + As), max{ (az + As),As} +As} + A1+ Az,

and all random variables involving the mawperator are independent.

We note that conditioning ofg is avoided by exploiting the directedness of the networkhaalgh node
6 is common to the directed paths, 2,4,6,7} and{1,3,6,7}, it affects only thesingledirected sub-path
{6,7}. This idea is the basis for the following definition.

Definition 3. (C—Node ) : LetD = (N,A) be a PERT network ofi activities. Any node is aC-Node
(Conditioning Node}f

1. Nodei has two or more immediate successors, or
2. Any successor of noddés aC—Node.
If nodei is not aC—Node then it is at©®—Node (Ordinary Node). O

This recursive definition partitiond into two setdN. andN, with cardinalities|N:| = mand|No| = n—m
(see Figure3). We show below tha\l; is a conditioning set. Note that this definition depends amyhe
topology of the network. This is because the random actiuites{A; } are assumed to be independent.
We now give two lemmas and a theorem to prove that the g8t nbdesN, is a conditioning set.

1The definition above will classify node 1 aa-node in all cases except the simple series network, evemythibean
always be removed from the conditioning set as shown in @éguét) above. To avoid the complication of this specialease
will always classify node 1 as@—node.
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3 CONDITIONING SETS AND ELIMINATING DEPENDENCE.

I
I
\4

C Nodes So e l, O Nodes
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\
4

Figure 3: Partition of a Directed Acyclic Graph into—nodes and—nodes

Lemma 1. A PERT network whose n nodes are partitioned into-anGdes and R m O—nodes has the
following properties :

P1. The sink node and its immediate predecessor®aredes. Hencen < n.
P2. All nodes on all paths from the source node to@mnode areC—nodes.

P3. Atopological labelling of the network can be found suwt theC—nodes are labelled 1., m.

Proof : An easy application of thE—node definition. O

Lemma 2. (Tree Property of O—nodes): InaPERT network the ©nodes and their associated arcs
form a directed tree T whose root is the sink node of the ndétwor

Proof : (By contradiction) IfT is not a directed tree then this implies that there exist tvmore paths
from some nod&in T to the sink. This implies that node or some successor of noklghas two or more
immediate successors. This implies that some nodeignaC—node, which contradicts the hypothesis.

If the sink node is not the root then this implies it has a sesoe Again, a contradiction. O

Theorem 1. (Elimination of Dependence) : If the random activity timéshe C—nodes of a stochastic
PERT network are replaced by constants, then the randonh fiimses of the immediate predecessors of
any node i are statistically independent, i.e., the set-eh@des N is a conditioning set.

Proof

1. By definition and property P2 of Lemma 1, the finish timeslbCa-nodes are constants because
they are functions of the activity times 6f-nodes only. Hence the finish times of the immediate
predecessors of aly—node are constants and, therefore, statistically indegrend

2. TheO—nodes form a directed trek by Lemma 2. Consider an®—nodei in T and assume,
without loss of generality, that it has two immediate pressors, nodeg andk, with random
finish timesY; andYy. These finish times are functions of their respective setsreflecessor
activity times. The only nodes common to these predeces$o®iasaC—nodes because of the tree
property ofO—nodes. Thu¥; andYy are functions of constants and mutually exclusive sets of
independent random activity times. HengeandY are statistically independent. O
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3 CONDITIONING SETS AND ELIMINATING DEPENDENCE.

3.3 An Algorithm for Identifying C-nodes

We now give a simple algorithm for identifying—nodes. The algorithm applies Definition 3 to each
node of the networlp. Its complexity isO(n) for all PERT networks. In the algorithm a boolean array
Cnodél..n| is initialized toraise. At the end of the algorithm if nodds aC—node then Cnodg =True.
The algorithm starts at the sink nodavhich is anO—node by definition.

algorithm Cnodes (D) assumes D is topologically labelled

for i:=1to n do Cnodeli] := False endfor
for i:=n—1 downto 1 do
if |Succ(i)| > 1 then
Cnode[i] ;== True
else
j :=Succ(i) only 1 successor
Cnodeli] :=Cnode]j]
endif
endfor
endalg Cnodes

Figure4 shows a network and itS—nodes (shaded). The properties of Lemmas 1 and 2 obvioukly ho
and it is not too difficult to verify the theorem for this netko This theorem is the basis of the algorithm
given in Section 3. The algorithm generates all possible aetalues for th&€—nodes and then calcu-
lates, for each set, a conditional completion time distrdsuusing the simple distribution operators (10)
and (11). The conditional distributions are then combingsiing the ‘law of total probability’, to give
the unconditional completion time distribution.

Figure 4 : A 17-Node Network with &—nodes.

Definition 2 and AlgorithmCnodesare easily modified to handle ‘activity-on-the-arc’ netksiby
changing ‘node’ to ‘arc’. For example, the conditioning siarcs given by the algorithm for the network
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4 AN EXACT STOCHASTIC PERT NETWORK ALGORITHM

in Figure5 below is{1,2,4}. The method of Burt & Garman (1971) gives the §&t2,4,5,6,8}, while
the method of Sigatt al. (1979) gives the s€ltl, 5,6,8}. This example is taken from Sigef al. (1979),
Figure 2.

Figure 5: An “activity-on-the arc" Network. Arcsy, ap, a4 areC-arcs.

4 AN EXACT STOCHASTIC PERT NETWORK ALGORITHM.

We now define an exact algorithm to calculate the completimie distribution of a stochastic PERT
network. Assume the network hashodes(activities) anch C—nodes, and that ea@+node can have
v distinct values for its activity tinfe Hence there are™ different mtuples ofC—node values. LeEy
denote the set d@—node values for thith m-tuple, i.e.,

Ck = {aik, 8, - - -, 8mk}» k=1,2,....v",

whereay, is the activity time of thé'" C—node in thek!" m-tuple. We have
m m
Pr[Ck] = Pr{A; = aw, A2 = @, ... ,Am = amk ] = rlPr[Aa = ak) = |'l (A aK). (13)
i= i=

Let F(X;;t|Ck), X <t <X, andF(Y;;t|C«), ¥ <t <y/, denote the start and finish time distributions of
nodes = 1,...,n, conditional on the set a@—node value£.

Let F(Yy;t,k), denote thepartial unconditional completion-time distribution, defined resively as fol-
lows, where y, <t<ypn:

F(Yat,0) 2 0,
F(Yat,k) = F(Yut,k—1)+F(Yat|C) PG, k=1,...,v™, (14)
F(Yat,V™) 2 F(Yait).

We now give an informal statement of the algorithm and a smample.

2This assumption simplifies the description of the followaigorithm and its analysis. If we assume that each activity
takes ony; different values then we would havqilvi differentm—tuples.
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4 AN EXACT STOCHASTIC PERT NETWORK ALGORITHM

algorithm Informal Exact Completion-Time Distribution

For each m-tuple of C—node values C,, k=1,2,...v", do steps 1,2,and 3

1. Set the activity times of the C—nodes to the
values of Cy and calculate PrCy|.
2. Pass through the network and calculate the conditional distribution,
F(Yn;t|Ck), using equations (10) and (11).
3. Calculate the partial unconditional completion-time distribution,

F(Ynt,K) = F (Yo t,k— 1) + F(Yn; t|Ci) PrCy].

endalg Informal

Example 1. The network in Figures has ten activities, wit#; = 0, Ajp = 0, andA; = { 1 or 2 with
prob. 0.5}, i=23...,9.

Figure 6 : A 10-activity Network with 2C—nodes

This network has £Z—nodes (2 and 3) each with two values (we ignore node 1). Hémcparameters
for this problem aren = 10,m= 2,v = 2,v" = 4. The four enumerations are shown in Tahle

Table 1: Enumerations.

Enumeration A, Az Pr{A; andAg]
C 1 1 05x05=0.25
C 1 2 05x05=0.25
Cs 2 1 05x05=0.25
Cy 2 2 05x05=0.25

The conditional completion time distributiorts(Y10;t|Cy) are calculated using the multiplication and
convolution operations (10) and (11) at each node. Thissghable2.

Each of these distributions is multiplied by the probapitif its corresponding enumeration and accu-
mulated as shown in the algorithm. This gives TaBlevhereF(Yio;t,4) = F(Yio;t), the completion
time distribution.
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4 AN EXACT STOCHASTIC PERT NETWORK ALGORITHM

Table 2: Conditional Distributions.

t 3 4 5 6
F(Yi0;t|C1) 0.015625 0.390625 1.000000 1.000000
F(Y10;t|C2) 0.000000 0.062500 0.562500 1.000000
F(Y10;t|C3) 0.000000 0.062500 0.562500 1.000000
F(Y10;t|C4) 0.000000 0.015625 0.390625 1.000000

Table 3: Partial Distributions.

t 3 4 5 6
F(Y10;t,1) 0.003906 0.097656 0.250000 0.250000
F(Yi0;t,2) 0.003906 0.113281 0.390625 0.500000
F(Y10;t,3) 0.003906 0.128906 0.531250 0.750000
F(Yi0;t,4) 0.003906 0.132812 0.628906 1.000000

The formal algorithm is shown on the next page.

4.1 Analysis of the Exact Algorithm

The algorithm has three main loops indexed by the variabl@anumerations)j (nodes) andj (pre-
decessors). The upper bounds on these/8ra, andi, respectively. Hence, for each enumeration
the algorithm perform©(n?) multiplication operations an@(n) convolution operations. The enumer-
ation loop is performed™ times. Hence the time complexity of the algorithmQgn?v™), assuming,
for convenience, that the multiplication and convolutigretions can be performed in a constant time.
Recalling thatm is the number oC—nodes and that the time complexity of complete enumerason i
O(rV"), we see that the new algorithm always does better (asyroaligli than complete enumeration
becausen < n(by P1, Lemma 1). Nevertheless the new algorithm’s time i9oanded by a polynomial

in nandv and, therefore, does not solve the problem in polynomiag tifrhis is to be expected because
the Stochastic Pert Problem#®-Completdsee Hag88).

We note before passing on, that we may assume any polyntimeleomplexity for the distribution
operations : the complexity of this algorithm is still expoial because the outek)(loop is O(V™").
This is, of course, in keeping with the fact that the alganitts solving a #-Complete problem. The
assumption oD(1) for the distribution operations simplifies the analysis antphasizes the source of
the exponential complexity. Ironically, the most tedioastp of theimplementatiorof the algorithm are
the distribution operations.

(© Derek O’Connor, December 13, 2007 12



4 AN EXACT STOCHASTIC PERT NETWORK ALGORITHM

algorithm  Exact Completion-Time Distribution

Initialize
Set F(Yy;1,0):=0, for allt>0
Set y,:=a), Y| =4
Set F(Yi;t):=F(Aq;t), for all te[y.Y]].
Main Loop
for k:=21,2,....,v" do
Generate the KM m-tuple Cy
Set the activity times of nodes 1,2,...,m, to the values of Cy
Calculate Pr[Cy]
for i:=2,3,...,n do Calculate F (Yn;t|Cy)
Set X =0; x'=0
Set F(X;t|C) =1, for all t e [x,X]
for each j€Pred(i) do

X 1= max{X,yj}
= maxx'y,)
for each te[x,x'] d
F(X; t’Ck) = F(X, t’Ck) X F(Yj,t’Ck) Multiplication

endfor t-ioop
endfor j—loop

X +4
Y =X+
for each tey,y'] do
F(Y;;t|Co) = Z::a; [F(X:;t—alC) f(A;a)] Convolution
endfor t-ioop
endfor i-loop
for each t € [y,,yn] do
F(Ynt,K) := F(Yn;t,k—1) + F (Yn; t|Ck) PrCy] Accumulation

endfor t-ioop
endfor Kk-loop
endalg Exact

We note that in the implementation of this algorithm if nadde aC—node then the multiplication and
convolution operations are not necessary because the fiimish of the immediate predecessors of node
i are constants.
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5 MONTE CARLO APPROXIMATION ALGORITHMS

5 MONTE CARLO APPROXIMATION ALGORITHMS

The time complexity of the exact algorithm is exponentiadl @o it is useful only for small or special
networks. The algorithm is exponential because the outgy is performed/™ times, wheram is the
number of conditioning nodes. thwere bounded above by a fixed number for all networks then we
would have a polynomial algorithm. This is not the case amlabvious that, in general, the number of
conditioning nodesn, increases witm, the total number of nodes in the network.

The exponential complexity of the exact algorithm forcetousonsider approximation algorithms which
require less computation. We now show that with simple mealifbns, the exact algorithm can be used
to calculate Monte Carlo approximations for the completiore distribution.

5.1 Simple Monte Carlo Approximations

Monte Carlo sampling has been used with some success to fordxamate solutions to the stochas-
tic PERT problem. Good discussions of the method can be faumilirt & Garman [B&G 71b] and
Elmaghraby, Chapter 6 [ EIm 77].

The Simple Monte Carlo Methoaf calculating an approximation or estimate of the comptetime
distribution is as follows :

1. Set the activity time of each node in the network to a valvesen at random from the node’s
activity time distribution.

2. Calculate the network completion tinwgfor this set ofn activity times.

3. Repeal times, steps 1 and 2, counting the number of tilhgsthatY,, <t.

Then the simple Monte Carlo approximation for the comptetime distribution isFs(Yn;t) = N¢/N.

This method (calledCrude Monte Carlosee Hammersley and Handscomb, 1964, pages 51-55) is more
efficient than theHit-or-Miss Monte Carlaised by some researchers.

We can obtain the simple Monte Carlo method from the exadrilgn by the modifications shown in
the algorithm below. The randomtupleCy = {ak, ax, - - - ,ank} is generated by sampling independently
from each of then activity time distributions. No calculation of ] is necessary.

We note that becaus®a = n all nodes areC- nodes and hence no distribution calculations are really
necessary. In practice a much simpler algorithm would bel irsstead the modified exact algorithm.
Nonetheless, the analysis of Algorithm 2 given below hotdsahy Simple Monte Carlo algorithm.

The analysis of the Simple Monte Carlo algorithm is the saméa Exact algorithm except that the
number of iterations in the outek)(loop is reduced fronv™ to N, the sample size. Hence the time
complexity of the Simple Monte Carlo algorithm@n?N).

This reduction in complexity comes at the cost of uncerjaimthe calculated completion time distribu-
tion. This uncertainty is due to the sampling error or vareaaf the estimatéS(Yn;t) and can be reduced
by increasing the sample sidé Unfortunately the sample si2¢ may need to be very large to obtain
good accuracy and so a great deal of effort has been spentdimgfivariance reductiotechniques that
reduce the sampling error without increasing the sampée siz
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5 MONTE CARLO APPROXIMATION ALGORITHMS

algorithm  simple Monte Carlo

Set M:=nN and regard all nodes in the network as C—nodes
Initialize

Same as Exact Algorithm

for k:=1to N do
Generate a random M-tuple Cy

Same as Exact Algorithm

F(Yoit,k) := F(Ynit,k—1) + F(Yp;t
endfor k-loop
for each t €|y,,y] do
ﬁs(Yn;t) =F(Ynt,N)/N Averaging
endfor
endalg simple Monte-Carlo

Cy) Accumulation

5.2 Conditional Monte Carlo Approximations

The Conditional Monte Carlo method is a generalization ef$imple Monte Carlo method and is based
on the following principle :

A General Principle of Monte Carlo : if, at any point of a Mor@arlo calculation, we can replace
an estimate by an exact value, we shall reduce the sampliogdadrthe final result. (Hammersley &
Handscomb, 1964, page 54)

We apply this principle as follows : instead of randomly séingpfrom each of then activity-time
distributions we sample from a subset of sime< n. The subset is chosen so that for each sample a
conditional completion time distribution can be calcuthexactly, either analytically or numerically,
and hence without sampling error. These conditional thstions are then averaged over a sample of
sizeN to give an estimate of the completion time distribution. Saenpling error or variance is reduced
because less sampling is done and more of the network isl@@diexactly. Indeed, if it were possible
to find a sampling subset of size 0 then we would obtain 100%racg with no sampling.

The crucial part of the Conditional Monte Carlo method far 8tochastic PERT problem is the identi-
fication of the subset of activities whose distributions| Wwé sampled. Burt [Bur 72] gives a heuristic
algorithm for identifyinguniqueand non-uniqueactivities. The non-unique activities are used for sam-
pling. Sigalet al.,, [SPP 79] use theimniformly directed cutsehethod to identify the sampling activities.
They claim that their method gives the smallest possibl@ksampling activities. This claim is false
(Figure5 above is a counter-example).

The set of sampling activities we use for Conditional Montl€ is the conditioning set identified by
the simpleC—node definition given in Section 2 above. The sets of samplatiyities identified by this
method are smaller than those given in [Bur 72] and [SPP 70fHaue is no guarantee that it will give
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the smallest sampling (conditioning) set. This was showm lopunter-example given by Elmaghraby
[EIm 81].

We obtain the Conditional Monte Carlo algorithm from the eéagorithm by using the same modifi-
cation that was used for the Simple Monte Carlo algorithn,viathout settingm := n. In other words,
the Conditional Monte Carlo algorithm is obtained from tlxaa algorithm by taking a random sample
of all possiblem-tuples ofC—node values, rather than exhaustively generatingnaliples. The time
complexity of Conditional Monte Carlo is the same as Simplenké Carlo, i.e.O(n°N), assuming the
complexity of each distribution operation@1).

5.3 The Kleindorfer Bounds

In the testing of the exact and Monte Carlo algorithms belbis useful to have an easily-calculated
check on the results. This is provided by the Kleindorferrmsu[Kle 71]. Kleindorfer showed, among
other things, that the start time distribution of any atyiysee equation (8) above) could be bounded as
follows :

Let the Kleindorfer lower and upper bounds B ;t) beF¢ (-;t) andF{(-;t) respectively. Then

Flé(xlvt) = Flé(Yj;t)XFlé(Yk;t)’ )qgtg)qla (15)

Fe(X;t) = min[R{ (Y50, R Mat)], X <t <x. (16)
al//

Fe(Yist) = ZF}QXV[ a) f(Ava), yi<t<y, 17)
&= a1

RO = zF Xit-a) f(Aza), yYi<t<y. 18)

It should be noted that neither bound requive®r Y, to be independent. If they are independent then
the lower bound is exact.

It can be seen that the lower boundsib)and (L7) are the same as the expressions for the multiplication
and convolution operations ii{) and (L2) above . Hence, we can get Kleindorfer’s lower bound from
the exact algorithm by setting the number@#nodes equal to zero, i.an:= 0. We get the upper
bounds by addingl®) and (L8) to the exact algorithm.

The analysis of Kleindorfer's algorithm is obtained frone texact algorithm by settingn:= 0. This
gives a time complexity oD(nv™) = O(n?), assuming the complexity of each distribution operation is
O(1). Thus the calculation of the Kleindorfer bounds is a triiaft of the main calculations in the exact
or Monte Carlo algorithms.

We complete this section with a summary of the time comgksiof the algorithms discussed above.
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Table 4: Complexities of Stochastic PERT Algorithms.

ALGORITHM TYPE OF DISTRIBUTION COMPLEXITY COMMENTS
Complete Enumeration Exact O(nV") m=n
Exact Algorithm Exact O(n?v™) m<n
Kleindorfer Lower & Upper Bounds O(r?) Poor Upper Bound
Simple Monte Carlo Approximate O(r°N) Large Variance
Conditional Monte Carlo Approximate O(n?N) Reduced Variance

6 IMPLEMENTATION, TESTING, AND RESULTS

6.1 Implementation

The exact algorithm was implemented in standard FORTRANdrcansists of three parts : (i) Network
construction, initialization, flagging @ —nodes, and topological labelling; (ii) Distribution calations;
(iii) Statistical calculations and summary results. Themegrogram, with appropriate modifications,
was used to calculate the various Monte Carlo approximationl the Kleindorfer bounds. The flagging
(identification) ofC—nodes is straightforward and required no special progrargmi

Because the main loop of the exact algorithm is exponertialescare was taken to reduce unnecessary
calculations. A substantial reduction in calculations t&nachieved by generating ttmetuplesCy
(line 6, Algorithm 1) so that only one value @ = {au,ax,--.,amk} changes in each iteration of the
outer loop. This means that only those nodes reachable fiei@-tnode with the changed value are
involved in the calculations of the inner loops (lines 9 a@d Algorithm 1). This modification reduced
the running time for the 24-node network (Appendix A) by atdacof 10. The problem ofm-tuple
generation is part of the general problem of minimum chargerithms for generating combinatorial
objects (see [RND 77] and [OCo 82)).

Implementing the Simple and Conditional Monte Carlo methahd the Kleindorfer bounds require
relatively minor modifications to the exact algorithm as vaeéishown in Sections 5.1, 5.2, and 5.3.

6.2 Testing

Four networks were used to test the algorithm. There are lstendescriptions of these networks in
Appendix 1. Tablé gives summary details of these networks.

Table 5: Test Networks.

NETWORK NoODES C—NODES SOURCE
NET10 10 3 [Kle 71]
NET16 16 9 [O’'Co 81]
NET24 24 10 [O’'Co 81]
NET40 40 22 [Kle 71]
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The exact algorithm was used to calculate exact distribatfor the first three networks. The exact dis-
tribution of NET40 could not be calculated in a reasonabl@wam of time. The exact algorithm with
simple modifications was used to calculate unconditiorieifle) and conditional Monte Carlo approx-
imations for all networks. Samples of sike= 25,100 were taken for each network. These samplings
were repeated 5 times with different random number genesateds and the results averaged over the 5
repetitions. The random number generator used was URANBngh Forsytheet al. [FMM 77] and

the 5 seeds used were 12345, 180445, 101010, 654321, 544@8Jdomparison the Kleindorfer bounds
were calculated for each network, using the exact algorithitm m set to 0.

The execution times for the Exact and Conditional Monte €aljorithms are shown in Tabte These
times were obtained on a Dell Workstation 400 with a PentilB00 MHz processor and the compiler
was Digital Visual Fortran V5.

Table 6: Execution Times (secs) Pentium Il 300MHz.

Network Enumerations Exact Conditional Monte Carlo
N=25 N=100

NET10 75 0.90 0.43 1.04
NET16 18,777 9.61 0.60 1.61
NET24 66,348 28.67 0.77 2.12
NET40 102 — 1.74 5.14

The exact distribution for Kleindorfer's 40-node networkswnot attempted because it hag22nodes
and would require approximately ¥enumerations.

6.3 Results

The complete results of all experiments are given in Appedi The Exact algorithm was tested on
NET10, 16, & 24 only, because of its exponential complexitypnetheless the results provide a useful
set of benchmarks for other methods.

It can be seen from the results that the Kleindorfer lowemldds quite good but the upper bound is poor.
As Kleindorfer pointed out in [Kle 71], the upper bound rgretjuals the exact distribution whereas the
lower bound is exact for certain types of networks.

The results of the Monte Carlo experiments are best sumathhy theirvariance reduction ratiog.e.,
the ratio of the sample variances of the Unconditional Madéelo (UMC) to the Conditional Monte
Carlo method (CMC), or any other variance reduction methtable 7 gives a summary of the aver-
age variance reduction ratios for the modified exact algarit From this table we draw the following
tentativeconclusions for Stochastic PERT networks :

e Conditional Monte Carlo can give large variance reductetios.

e Sample size has no effect on the variance reduction ratios.

e Network size has no effect on the variance reduction ratios.

e The percentage @—nodes has no effect on the variance reduction ratios.
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Table 7: Variance Reduction Ratios (UMC/CMC).

Sample Size
Network 25 100
NET10 5.25 5.25
NET16 8.50 8.50
NET24 4.76 4.38
NET40 7.19 6.58

7 DISCUSSION

The main contribution of his paper has been a new definitio@arfditioning Activitiesin PERT net-
works, which were then used in a simple enumerative alguriffihis algorithm can be used to calculate
exact, approximate, or bounding distributions (discudseldw) for the completion time of PERT net-
works. The simplicity of the algorithm is obvious from thiseteton version :

algorithm Exact Completion-Time Distribution

Initialize. M= No. C—nodes
for k:=21,2,...,v" do Enumeration
Generate the KM m-tuple Cx

for 1:=2,3,...,n do calculate F(Yn;t|Cx)
for each je€Pred(i) do
Multiplication F(Xi;t|C) := F(Xi;t|Ci) x F(Yj;t|Ck)
endfor j-loop ,
Convolution F(Y:t[C) = z::aq [F(X;t—alCo (A a)]
endfor i-loop
Accumulation F(Yn;t,K) := F (Yn;t,k— 1) + F(Yn; t|Ck) Pr{Cy]

endfor k-loop
endalg Exact

Although this algorithm is easy to state, it is tedious to lenpent because of the crucial need to avoid
unnecessary computations. Once implemented howeveldtsisy modified to calculate bounding and
approximate (Monte Carlo) distributions. The implementais based on this modular template below,
where all messy details have been abstracted away.
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algorithm General Modular Version

for each C,€C do Enumeration
F(Yn;t|Ck) := ConDist(Cy) Conditional Distribution
F(Yn;t,K) := F(Yn;t,k—1) + F (Yn; t|Ck) Pr{Cy] Accumulation

endfor k-loop
endalg General

This modular version allows us to see that the only diffeecletween all the methods discussed above
is the interpretation of the main loop statemedbot ‘eachCy € C do'. The statements within the body
of this loop are essentially the same for all methods. Thiamadhat we can derive any method by
an appropriate change to the main enumeration loop whichrg®s eacly € C. These are shown in
Table8.

Table 8: Conditioning Se for each Algorithm

Method Conditioning Se€C Size ofC Comment
Complete Enumeration All n—tuples Vv Exact
C— node Enumeration All m—tuples v Exact
Simple Monte Carlo Random set of—tuples | Nsamp | Approximate
Conditional Monte Carlg| Random set om—tuples| Nsamp | Approximate
Kleindorfer Empty 0 Bounding

7.1 Exact Distributions

The Stochastic PERT Problenv#f-Completend this suggests that enumeration is the only way to solve
it exactly. Complete enumeration has always been avaitabthe method of last resort. The partitioning

of the PERT graph int€—nodes and>—nodes reduces the burden of complete enumeration because
only C—nodes need to be enumerated (conditioned on). Howevereaettvork size increases, so does
the number o€—nodes and we still have exponential growth of computing time

7.2 Approximate Distributions

Conditioning activities have been used by other authorthissame purposee., to reduce computation
time and variance. The identification of conditioning aitié using Definition 3is simple whereas
the definitions given by other authors ( [B&G 71b], [SPS 79%{uire substantial algorithms. Also it
seems that the size of the sets of conditioning activitiesitiied by Definition 3are usually smaller
than those identified by other methods published to dateteTisano guarantee that it gives a minimum
conditioning set. The problem of identifying a minimum cdiwhing set of activities has neither been
solved nor adequately characterized.

Variance reduction by Conditional Monte Carlo seems to gived results for Stochastic PERT networks.
However, the small number and size of problems publishee &ed elsewhere do not allow really firm
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conclusions to be reached. Thorough empirical testingefitbthod on a large set of standard problems
is necessary. A good problem generator would be very usethis regard.

Combining conditioning with other variance reduction noeth, such as antithetic variables, control
variables, importance sampling, etc., may be useful bstdifficult to see how these methods could be
‘tailored’ to the PERT problem. For example, what part offihesh time distribution should importance
sampling concentrate on? It is not difficult to see how aistimiode conditioning reduces both variance
and computation because it depends on the structure of th@meonly and not on interactions be-
tween random variables. Perhaps this is why Hammersley amdi$¢omb devote an entire chapter to
Conditional Monte Carlo, yet devote just one page to eachebther methods.

7.3 Lower Bounding Distributions

We have seen that the Kleindorfer lower boundsliB) (@and (L7) in Section 5.3 are the same as the
expressions for the multiplication and convolution opierat in (L1) and (L2) above . Hence, we can get
Kleindorfer’s lower bound’(Y;;t) from the exact algorithm by setting the numbeCefnodes equal to
zero, i.e.m:=0.

This suggests that the algorithm can be used to calculatr loaunds on the exact distribution by setting
m to be less than the actual number of conditioning activitieggm = O gives the Kleindorfer lower
bounds;m = m gives the exact distribution). Preliminary testing of tidsa on the networks above
shows that it does give lower bounds for the exact distrilutiT hat is, the sequence of conditioning set
sizesm=0<m < np < --- < Mg, gives a sequence of lower bounds

F/(Yoit) = FO (Yast), F™) (Ya;t), FM (Yost), -+, F ™ (Yost) = F(Yast), (19)
where eachr ™ (Y;t) < F(Yp;t)

Unfortunately, the sequence of lower bounding distrimgi@s not monotone increasing and so we may
haveF (™ (Y,;t) > F(M(Y,;t). This means we have done extra work and obtained a pooredboun

A slight variation of this idea is to choose increasing-simbsets of th€—nodes rather than the first 2,
3, etc. This raises the possibility that some subsets gitterdgounds than others of the same size, and
that there is a sequence of increasing-size subsets thest gigequence of bounding distributions that
is monotone increasing. This would allow us to stop the datmns once a bounding distribution has
ceased to increase by a pre-set tolerance.

7.4 Other Topics

Many papers on the Stochastic PERT Problem discuss (1) iredaetworks by series-parallel trans-
formations, and (2) continuous activity-time distribuiso We have not discussed network reduction
because ultimately, we must deal with irreducible networks

We have not considered continuous distributions becaiseaisier to see the combinatorial nature of the
problem when using discrete random variables. Using thetetgorithm with continuous distributions
poses the obvious question : how do we represent a contirdistnbution?
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9 APPENDIX A — Test Networks

This appendix contains the six networks used in testing ld@rithms. The activity-time distributions
are all discrete and non-negative and are either rectangulaiangular with parameters (L, U) and

(L, M, U) respectively.

TABLE A.1—10 NODE NETWORK WITH 2 C-NODES

node

dist

=

succs
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©O© 00 N O Ul &~ WN

10
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Rect
Rect
Rect
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10

TABLE A.2—16 NODE NETWORK WITH 9 C-NODES

node dist L M U succs
1 Rect 1 1 2 3
2 Rect 2 5 4 10
3 Rect 3 6 6 7 10
4 Rect 1 2 5 6
5 Rect 3 5 9 12
6 Rect 4 8 8
7 Rect 3 5 8 11
8 Rect 1 2 9 14
9 Rect 3 4 13 15
10 Rect 8 12 11
11 Rect 2 7 15
12 Rect 4 7 13
13 Rect 5 6 16
14 Rect 10 11 16
15 Rect 8 10 16
16 Rect 1 1
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TABLE A.3—24 NODE NETWORK WITH 10 C-NODES

node dist L M u succs node dist L M U succs
1 Rect 0 - 0 2 3 4 13 Rect 10 - 15 19

2 Rect 2 - 5 5 11 14 Rect 9 - 13 16

3 Rect 6 - 9 6 7 14 15 Rect 12 - 15 16

4 Tria 1 2 4 8 15 16 Rect 4 - 6 21

5 Rect 10 - 12 9 12 13 17 Rect 15 - 18 23

6 Rect 3 - 6 9 18 Tria 13 17 20 23

7 Rect 10 - 11 10 19 Rect 3 - 7 24

8 Tria 5 8 9 10 17 18 20 Tria 5 7 11 24

9 Rect 11 - 12 19 20 21 21 Rect 3 - 6 24

10 Rect 5 - 7 21 22 23 22 Rect 7 - 10 24

11 Rect 10 - 15 16 23 Rect 6 - 10 24

12 Rect 9 - 13 19 24 Rect 1 - 1 -

TABLE A.4—40 NODE NETWORK WITH 22 C-NODES

node dist L M U succs node dist L M U succs
1 Rect 1 - 1 2 3 21 Rect 14 - 15 35 38
2 Tria 9 10 11 4 5 6 22 Rect 1 - 2 35 38
3 Tria 1 2 4 10 11 23 Tria 1 2 4 26

4 Rect 2 - 6 12 24 Tria 2 3 4 26

5 Rect 12 - 13 18 21 24 25 Tria 1 2 3 26

6 Rect 1 - 2 7 9 33 26 Tria 1 3 4 32

7 Tria 3 4 12 27 Tria 7 19 31 36

8 Tria 3 4 5 13 14 28 28 Tria 4 5 7 32

9 Rect 1 - 4 15 23 30 29 Tria 1 8 15 37
10 Tria 15 17 18 15 23 30 30 Tria 1 5 6 32
11 Rect 2 - 24 25 27 31 Rect 1 - 3 36
12 Rect 1 - 3 16 17 32 Rect 2 - 5 37
13 Rect 1 - 3 18 21 24 33 Tria 8 10 12 37
14 Tria 4 5 7 19 29 31 34 Rect 3 - 5 39
15 Tria 5 11 17 19 29 31 35 Rect 1 - 2 39
16 Rect 4 - 7 20 36 Rect 3 - 11 39
17 Rect 3 - 5 19 29 31 37 Rect 5 - 21 40
18 Rect 2 - 4 20 38 Rect 13 - 14 40
19 Rect 3 - 5 22 34 39 Rect 1 - 19 40
20 Tria 1 2 4 22 34 40 Rect 1 - 1 -
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10 APPENDIX B— Summary Results

This appendix contains the results of all tests performetherfour networks. The column headings in
the tables are :

1. klower, kupper : Kleindorfer lower and upper bound distributions.
2. umc, cmc : Unconditional (Simple) and Conditional Monte Carlo appnaate distributions.
3. vumc, veme : Variances of Unconditional (Simple) and Conditional Mo@G&rlo approximate

distributions.
4. N:Sample size.

TABLE B.1—10 NODE NETWORK WITH 3 C-NODES

time exact klower  kupper umc cmc vumc veme umc cmc vumc vcme
N =25 N = 100
4 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
5 0.00009 0.00001 0.03200 0.00000 0.00000 0.00000 0.00000 0.00000 0.00010 0.00000 0.00000
6 0.00096 0.00022 0.08000 0.00000 0.00162 0.00000 0.00000 0.00400 0.00107 0.00004 0.00000
7 0.00602 0.00218 0.16000 0.00800 0.00611 0.00032 0.00001 0.00600 0.00647 0.00006 0.00000
8 0.02654 0.01409 0.28000 0.03200 0.02636 0.00128 0.00009 0.02200 0.02785 0.00022 0.00002
9 0.08017 0.05472 0.42400 0.09600 0.07821 0.00352 0.00044 0.06600 0.08214 0.00062 0.00011
10 0.18496 0.14893 0.57600 0.18400 0.17873 0.00587 0.00121 0.16800 0.18670 0.00140 0.00031
11 0.34822 0.31217 0.72000 0.32000 0.33913 0.00797 0.00205 0.36200 0.34962 0.00231 0.00052
12 0.55249 0.52812 0.84000 0.55200 0.54206 0.00955 0.00213 0.55600 0.55316 0.00247 0.00054
13 0.74235 0.73055 0.92000 0.71200 0.73295 0.00848 0.00133 0.73800 0.74209 0.00194 0.00033
14 0.88571 0.88210 0.96800 0.92000 0.88051 0.00299 0.00048 0.88800 0.88562 0.00098 0.00012
15 0.96936 0.96889 0.99200 0.97600 0.96922 0.00096 0.00007 0.97600 0.96991 0.00024 0.00002
16 1.00000 1.00000 1.00000 1.00000 1.00000 0.00000 0.00000 1.00000 1.00000 0.00000 0.00000
mean 12.20310 12.35800 10.00000 12.20000 12.24558 0.00315 0.00060 12.21400 12.19526 0.00079 0.00015
TABLE B.2—16 NODE NETWORK WITH 9 C-NODES
time exact klower  kupper umc cmc vumc veme umc cmc vumc veme
N =25 N = 100
22 0.00028 0.00000 0.00278 0.00000 0.00036 0.00000 0.00000 ©0.00000 0.00032 0.00000 0.00000
23 0.00257 0.00014 0.01389 0.00000 0.00436 0.00000 0.00001 ©0.00000 ©0.00289 0.00000 0.00000
24 0.01210 0.00265 0.04167 0.00800 0.01609 0.00032 0.00004 0.00800 0.01215 0.00008 0.00001
25 0.03959 0.01890 0.09444 0.05600 0.04804 0.00213 0.00019 ©0.03400 0.04059 0.00033 0.00004
26 0.09960 0.07199 0.17778 0.14400 0.11040 0.00499 0.00053 0.10200 0.09958 0.00092 0.00011
27 0.20307 0.18041 0.29167 0.23200 0.21760 0.00723 0.00098 0.18600 0.20193 0.00152 0.00023
28 0.34769 0.33538 0.42778 0.30400 0.36027 0.00843 0.00128 ©0.34000 0.34102 0.00225 0.00033
29 0.51326 0.50799 0.57222 0.49600 0.51929 0.01003 0.00134 0.51200 0.50333 0.00249 0.00033
30 0.67109 0.66962 0.70833 0.70400 0.67218 0.00845 0.00093 0.67600 0.66104 0.00218 0.00022
31 0.80009 0.79996 0.82222 0.84000 0.79902 0.00525 0.00050 ©0.80800 0.79338 0.00155 0.00012
32 0.89306 0.89306 0.90556 0.92000 0.89449 0.00293 0.00021 ©0.90800 0.88956 0.00084 0.00005
33 0.95278 0.95278 0.95833 0.95200 0.95316 0.00184 0.00007 0.95400 0.95051 0.00044 0.00002
34 0.98472 0.98472 0.98611 0.98400 0.98462 0.00064 0.00001 ©0.98600 0.98362 0.00014 0.00000
35 0.99722 0.99722 0.99722 0.99200 0.99716 0.00032 0.00000 ©0.99800 0.99693 0.00002 0.00000
36 1.00000 1.00000 1.00000 1.00000 1.00000 0.00000 0.00000 1.00000 1.00000 0.00000 0.00000
MEAN 29.48290 29.58520 29.00000 29.36800 29.42298 0.00350 0.00041 29.48800 29.52314 0.00085 0.00010
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TABLE B.3—24 NODE NETWORK WITH 10 C-NODES

time exact klower kupper umc cmc vumc veme umc cmc vumc veme
N =25 N = 100
29 0.00000 0.00000 0.00595 0.00000 0. 0. 0. 0. 0. 0. 0.
30 0.00003 0.00000 0.02976 0.00000 0.00001 0.00000 0.00000 0.00000 0.00003 0.00000 0.00000
31 0.00070 0.00003 0.08333 0.00000 0.00069 0. 0. 0. 0.00083 0.00000 0.00000
32 0.00712 0.00133 0.17262 0.00800 0.00690 0.00032 0.00001 0.00400 0.00769 0.00004 0.00000
33 0.03843 0.01630 0.29167 0.04800 0.03740 0.00181 0.00016 0.02400 0.04062 0.00023 0.00004
34 0.12987 0.08674 0.42857 0.12000 0.12643 0.00421 0.00080 0.10000 0.13324 0.00090 0.00020
35 0.30522 0.25750 0.57143 0.34400 0.29450 0.00920 0.00177 0.29400 0.30773 0.00204 0.00048
36 0.53611 0.50555 0.70833 0.60800 0.52344 0.00984 0.00228 0.52000 0.54029 0.00251 0.00063
37 0.75335 0.74180 0.82738 0.78400 0.74568 0.00683 0.00149 0.72400 0.75387 0.00201 0.00045
38 0.89906 0.89610 0.91667 0.92000 ©0.89183 0.00304 0.00073 0.89400 0.89873 0.00095 0.00019
39 0.96806 0.96754 0.97024 0.98400 0.97048 0.00064 0.00023 0.96400 0.97011 0.00035 0.00005
40 0.99405 0.99405 0.99405 1.00000 0.99429 0.00000 0.00003 1.00000 0.99486 0.00000 0.00001
41 1.00000 1.00000 1.00000 1.00000 1.00000 0.00000 0.00000 1.00000 1.00000 0.00000 0.00000
MEAN 36.36800 36.53310 35.00000 36.18400 36.40834 0.00276 0.00058 36.47600 36.35200 0.00070 0.00016
TABLE B.4—40 NODE NETWORK WITH 22 C-NODES
time klower kupper umc cmc vumc veme umc cmc vumc veme
N =25 N = 100
49 0.00119 0.03125 0.00800 0.00202 0.00032 0.00002 0.00200 0.00232 0.00002 0.00000
50 0.01163 0.18750 0.01600 0.01767 0.00064 0.00014 0.02400 0.01781 0.00024 0.00003
51 0.04748 0.38914 0.07200 0.06848 0.00269 0.00042 0.07600 0.06932 0.00071 0.00010
52 0.11176 0.43317 0.13600 0.14966 0.00485 0.00085 0.17600 0.15044 0.00146 0.00021
53 0.18382 0.47862 0.19200 0.23366 0.00632 0.00107 0.23800 0.22790 0.00183 0.00026
54 0.25004 0.52532 0.24800 0.30738 0.00757 0.00116 0.30000 0.29528 0.00212 0.00030
55 0.31559 0.57315 0.30400 0.37300 0.00864 0.00128 0.33800 0.35913 0.00226 0.00033
56 0.38366 0.62195 0.37600 0.43912 0.00944 0.00140 0.39600 0.42447 0.00240 0.00037
57 0.45234 0.66995 0.44000 0.50606 0.00973 0.00150 0.46800 0.49039 0.00249 0.00040
58 0.52056 0.71042 0.51200 0.57322 0.00973 0.00155 0.54600 0.55626 0.00248 0.00042
59 0.58711 0.74312 0.57600 0.63733 0.00997 0.00154 0.61800 0.61979 0.00238 0.00042
60 0.64997 0.77334 0.62400 0.69564 0.00944 0.00142 0.67600 0.67806 0.00220 0.00039
61 0.70738 0.80107 0.70400 0.74754 0.00837 0.00124 0.72400 0.73019 0.00200 0.00034
62 0.75849 0.82649 0.76800 0.79289 0.00723 0.00104 0.77000 0.77650 0.00178 0.00029
63 0.80276 0.84988 0.79200 0.83169 0.00656 0.00085 0.79600 0.81685 0.00162 0.00024
64 0.84009 0.87126 0.84000 0.86441 0.00541 0.00067 0.83600 0.85112 0.00138 0.00019
65 0.87096 0.89064 0.87200 0.89143 0.00448 0.00052 0.87400 0.87975 0.00110 0.00015
66 0.89622 0.90803 0.89600 0.91347 0.00379 0.00039 0.89000 0.90336 0.00098 0.00012
67 0.91679 0.92348 0.92000 0.93129 0.00293 0.00029 0.91600 0.92264 0.00077 0.00009
68 0.93352 0.93706 0.94400 0.94562 0.00208 0.00021 0.92600 0.93830 0.00068 0.00007
69 0.94713 0.94886 0.96000 0.95714 0.00144 0.00015 0.95200 0.95100 0.00045 0.00005
70 0.95823 0.95899 0.96800 0.96644 0.00120 0.00011 0.95800 0.96132 0.00040 0.00003
71 0.96729 0.96759 0.96800 0.97398 0.00120 0.00007 0.97200 0.96973 0.00027 0.00002
72 0.97468 0.97478 0.96800 0.98007 0.00120 0.00005 0.97400 0.97658 0.00025 0.00002
73 0.98068 0.98070 0.97600 0.98496 0.00093 0.00003 0.97600 0.98216 0.00024 0.00001
74 0.98550 0.98551 0.97600 0.98885 0.00093 0.00002 0.97600 0.98664 0.00024 0.00001
75 0.98934 0.98934 0.97600 0.99191 0.00093 0.00001 0.98000 0.99019 0.00020 0.00000
76 0.99233 0.99233 0.97600 0.99425 0.00093 0.00001 0.98400 0.99296 0.00016 0.00000
77 0.99462 0.99462 0.99200 0.99602 0.00032 0.00000 0.98800 0.99507 0.00012 0.00000
78 0.99633 0.99633 0.99200 0.99733 0.00032 0.00000 0.99400 0.99664 0.00006 0.00000
79 0.99758 0.99758 0.99200 0.99826 0.00032 0.00000 0.99600 0.99779 0.00004 0.00000
80 0.99847 0.99847 1.00000 0.99891 0.00000 0.00000 1.00000 0.99860 0.00000 0.00000
81 0.99907 0.99907 1.00000 0.99935 0. 0. 1. 0.99915 0.00000 0.00000
82 0.99947 0.99947 1.00000 0.99963 0.00000 0.00000 1.00000 0.99951 0.00000 0.00000
83 0.99971 0.99971 1.00000 0.99981 0. 0. 1. 0.99974 0.00000 0.00000
84 0.99986 0.99986 1.00000 0.99991 0.00000 0.00000 1.00000 0.99987 0.00000 0.00000
85 0.99994 0.99994 1.00000 0.99996 0. 0. 1. 0.99995 0.00000 0.00000
86 0.99998 0.99998 1.00000 0.99999 0.00000 0.00000 1.00000 0.99998 0.00000 0.00000
87-90 1.00000 1.00000 1.00000 1.00000 0. 0. 1. 1. 0. 0.
MEAN 58.97850 56.07200 59.01600 58.25164 0.00309 0.00043 58.66000 58.49324  0.00079  0.00012
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